Abstract. We define the concept of N -expansivity for flows. We show examples of Nexpansive flows but not expansive, and we show examples of CW -expansive flows but not N -expansive for any natural number N .
Introduction
The notion of expansiveness was introduced in the middle of the twentieth century by Utz [Ut] . Expansiveness is a property shared by a large class of dynamical systems exhibiting chaotic behavior. Roughly speaking a system is expansive if two orbits cannot remain close to each other under the action of the system. This notion is responsible for many chaotic properties for homeomorphisms defined on compact spaces, and nowadays here is an extensive literature concerning expansive systems. A classical result establishes that every hyperbolic f -invariant subset M is expansive. In [Ma] Mañé proved that if a compact metric space admits an expansive homeomorphism then its topological dimension is finite. In the 90s, Kato introduced the notion of continuum-wise expansiveness, cw-expansiveness for short, for homeomorphisms [Ka] , and extended the result of Mañé for cw-expansive homeomorphisms.
Recently it was introduced in [M] the notion of N -expansiveness, generalizing the usual concept of expansiveness. Roughly speaking, this corresponds to allow at most N companion orbits for a fixed positive integer N . Respect to this last notion, in [APV] the authors prove that if f is a 2-expansive homeomorphism defined on a compact boundaryless surface M with non-wandering set Ω(f ) being the whole of M then f is expansive. They also show that this condition on the non-wandering set can not be relaxed. In [CC] is analyzed the dynamics of N -expansive homeomorphisms satisfying the shadowing property.
For flows, a seminal work is [BW] , where the authors proved that some properties valid for discrete dynamics are also valid for flows. But, the definition of expansiveness in [BW] does not admit flows with singularities or equilibrium points. Using this definition, Keynes and Sears [KS] extend the results of Mañé for expansive flows. They proved that if a compact metric space admits an expansive flow then its topological dimension is finite. Recently, it was introduced in [ACP] the notion of cw-expansiveness for flows and the authors proved cw-expansive flows on compact metric spaces with topological dimension greater than one have positive entropy.
The goal of this work is to give a definition of N -expansiveness for flows, and extend some of the results already established for discrete dynamics for N -expansive flows.
Throughout this paper, M denotes a compact metric space. To announce precisely our result, let us recall some concepts and definitions already established.
A flow in M is a family of homemorphisms {X t } t∈R satisfying X 0 (x) = x, for all x ∈ M and X t+s (x) = X t (X s (x)) for all s, t ∈ R and x ∈ M . A continuum is a compact connected set and it is non-degenerate if it contains more than one point. We denote by C(M ) the set of all continuum subsets of M .
Let Hom(R, 0) be the set of homeomorphisms on R fixing the origin and if A is a subset of M , C 0 (A, R) denotes the set of real continuos maps defined on A. Given A ⊂ M , define
If t ∈ R and α ∈ H(A), set X t α (A) = {X α(x)(t) (x); x ∈ A}. See Figure ? ?.
t ( α ( y,t) X Figure 1 . Definition 1.1. If N > 0, we say a flow X t is N -expansive if for any ε > 0 there is a δ > 0 such that if A ⊂ M and α ∈ H(A) satisfies diam(X t α (A)) < δ, ∀t ∈ R, then there is a subset B ⊂ A, with cardinality less than N + 1 such that A ⊂ X (−ε,ε) (B).
Our main results show that the notion of N -expansiveness is invariant by conjugacies and has interesting examples. 
The second result shows an equivalent notion of N -expansivity using a fixed collection of cross-sections with special properties, called δ-adequate (see Definition 4.2) .
Theorem C. A flow X t is N -expansive if, and only if, given a pair (S, T ) δ-adequate there is an η > 0 such that
This paper is organised as follows: in Section 2 we prove basic properties satisfied by CW -expansive flows and prove Theorem A; in Section 3 we prove the relation between Nexpansivity of homemomorphisms and their suspension flows, and we apply these properties to prove Theorem B; in Section 4 we use Keynes and Sears's techniques to find good properties in cross sections of N -expansive flows and prove Theorem C.
Basic properties of N -expansive Flows
Let M be a compact metric space and X t a cw-expansive flow in M . In this section we prove basic results satisfied by Proof. Let p be a fixed point of X t accumulated by fixed points and δ > 0 be given by Nexpansive property for ε = 1. Therefore there are infinite many points in B δ (p). Let A be a set with only n + 1 of these fixed points and p ∈ A. Hence for any α ∈ H(A) we have,
Since each N -expansive flow is a cw-expansive flow, by [ACP] [lemma 2.1] each fixed point cannot be accumulated by regular points. Combining this with the previous lemma we have, Lemma 2.2. If X t is a N -expansive flow, then each fixed point is an isolated point of the space.
Theorem 2.3. Let X t be a flow without fixed points. The following properties are equivalent:
then there is a subset B ⊂ A, with cardinality less than n + 1 such that A ⊂ X (−ε,ε) (B).
Proof.
(1) ⇒ (3) : Take any ε > 0 and let δ > 0 be given by N -expansivity property. Choose η > 0 such that
Assume that for some β ∈ SQ * (A), with β(
But, for each a ∈ A we have that
and since X t is a N -expansive flow there exists B ⊂ A with at most N points such that A ⊂ X (−ε,ε) (B).
(3) ⇒ (1): Let ε > 0 be given and δ > 0 as in item (3).
We can define β(x) i for i < 0 similarly. Therefore β ∈ H(A), with x β = x α . By item (3) there exists B ⊂ A with at most N points such that A ⊂ X (−ε,ε) (B).
(2) ⇒ (1): Since X t has no fixed points, ∀ε > 0 there is η > 0 so that diam(X (−ε,ε) (x)) > η ∀x ∈ M .
Recall that if M 1 and M 2 are metric spaces, the flows X t :
Proof of Theorem A. Suppose X t and Y t are conjugate with Y t N -expansive. Let h : M 1 → M 2 be a homeomorphism conjugating X t to Y t . Let ε 1 > 0 be given and ε 2 > 0 such that if x, y ∈ M 2 satisfies d(x, y) < ε 2 , then d(h −1 (x), h −1 (y)) < ε 1 . Let δ 2 > 0 be the corresponding number given by N -expansivity of Y t to ε 2 and δ 1 > 0 such that if x, y ∈ M 1 with d(x, y) < δ 1 , then d(h(x), h(y)) < δ 2 . Therefore, if A 1 ⊂ M 1 is a compact set and α 1 ∈ H(A 1 ) is such that diam(X t α 1 (A 1 )) < δ 1 ∀t ∈ R we get that A 2 = h(A 1 ) ⊂ M 2 is a compact set. For every x ∈ A 1 and t ∈ R let α 2 (h(x))(t) be the real number such that if
then α 2 ∈ H(A 2 ). Furthermore, for every t ∈ R we have:
) and the choice of ε 2 imply that A 1 is contained in at most N X t -orbit segments inside B ε 1 (x α 1 ), proving that X t is N -expansive. This finishes the proof. (y, t)/(y, k(y))(k(y), 0) defined for small nonnegative time by X t (y, s) = (t + s), 0 ≤ t + s < k(y).
Each suspension of f is conjugate to the suspension of f under 1, the constant function with value 1. For this reason we shall concentrate on suspensions under the function 1.
Next, following [BW] , we define a metric on M 1 . Suppose that the diameter of M under d is less than 1.
Consider the subset M × {t} of M × [0, 1] and let d t denote the metric defined by
Given x 1 , x 2 ∈ M 1 , consider all finite chains x 1 = w 0 , w 1 , ..., w n = x 2 between x 1 and x 2 where, for each i, either w i and w i+1 belong to M × t for some t (in wich case we call [w i , w i+1 ] a horizontal segment) or w i and w i+1 are on the same orbit (and then we call [w i , w i+1 ] a vertical segment).
Define the length of a chain as the sum of the lengths of its segments, where the length of a horizontal segment [w i , w i+1 ] is measured in the metric d t if w i and w i+1 belongs to M × {t}, and the length of a vertical segment [w i , w i+1 ] is the shortest distance between w i and w i+1 along the orbit (ignoring the direction of the orbit) using the usual metric on R. See If w i = w i+1 and w i and w i+1 are on the same orbit and on the same set M × {t} then the length of the segment [w i , w i+1 ] is taken as d t (w i , w i+1 ), since this is always less than 1.
Then define d(x 1 , x 2 ) to be the infimum of the lengths of all chains between x 1 and x 2 . It is easy to see that d is a metric on M 1 . This metric d gives the topology on M 1 . Proof. We need only show the result when f ≡ 1. Suppose that X t is N -expansive. Let 1 2 > ε > 0 be given and δ > 0 be the corresponding constant determined by N -expansivity property. If A ⊂ Y is a with diam(φ n (A)) < δ ∀n ∈ Z, denoting A M = A × {0}, and x 1 = (x, 0), then for all t ∈ R we have:
Where [t] is the greatest integer less than t. But since for all x, y ∈ A it holds
Since X t is N -expansive, there is B M ⊂ A M with at most N points such that A M ⊂ X (−ε,ε) (B M ). Moreover since 0 < ε < 1 2 and A M ⊂ M × {0} we obtain A M = B M , and so A = {x; (x, 0) ∈ A M }. Therefore, φ is N -expansive.
Next suppose that the homeomorphism φ is N -expansive. Consider in M the metric given by ρ ′ (x, y) = min{ρ(x, y), ρ(φ(x), φ(y))} and let δ > 0 be the N -expansivity constant to ρ ′ . Let ε > 0 and δ ′ = min{2δ, ε,
We consider two cases: (1) Each point x ∈ A can be represented as (y x , 1/2) and (2) when (1) not happens.
In the first case, define
By definition of suspension, for each x ∈ A we have that X 1 (x) has representation (φ(y x ), 1/2), and since diam X 1 α (A) < δ < 1 4 we get that X α(y)(1) (y) has representation (φ(y), s) with
.., y j } with j ≤ n, and so, every point in A has the form (y i , 0) with 1 ≤ i ≤ j. Finishing the proof in the first case.
For the second case, for each point x ∈ A there is r x , with |r| < 1 2 , such that X rx (x) has representation as (y x , 1 2 ). Define A = {X rx (x); x ∈ A}. Define Θ the family of subsets B ∈ A such that for each point y ∈ A there is exactly one point x ∈ B such that y = X rx (x). Since A is connected, there is at least one B ∈ Θ such that B is connected. For each each x ∈ B and t ∈ R set α(X rx (x))(t) = α(x)(t + r x ) − α(x)(r x ).
Then α ∈ H( A) and for every t ∈ R, it holds diam(X t α ( A)) < 2δ. By the first case, we obtain that A = {y 1 , ..., y j } with j ≤ n, therefore B has j points and
All together completes the proof of Theorem 3.4.
Proof of Theorem B:
In [CC, Theorem A] the authors exhibit , to each N ≥ 2, a Nexpansive homeomorphism with the shadowing property, that is not N − 1-expansive. In [A2, Theorem 5.1] Artigue exhibits, for each N ≥ 2, a N -expansive C N -diffeomorphism defined on a surface S that is not N − 1-expansive. We can apply the above theorems for these examples to find, for each N ≥ 2 examples of N -expansive flows which are not N − 1-expansive. Recall that for flows and homeomorphisms, 1-expansivity is equivalent to expansivity. By theorem 3.4 and lemma 3.2 we can use the suspensions of the these examples to find for each N ≥ 2 a N -expansive flow that is not a N − 1-expansive.
In [A, section 2 .2] Artigue show that the pseudo Anosov with 1-prong is a cw-expansive homeomorphism, but is not a N -expansive homemomorphism for all N ≥ 1. By theorem 3.4 and lemma 3.3 we get that the suspension of the pseudo Anosov with 1-prong is cw-expansive flow, but is not N -expansive for all N ≥ 1.
Proof of Theorem C
In this section our analysis of a N -expansive flow X t on M will be carried out relative to a fixed collection of cross-sections with special properties. We use the notation introduced by Keynes and Sears in [KS] and start recalling the definition of δ-adapted family of crosssections.
A set S ⊂ M is a cross-section of time ε > 0 if it is closed and for each x ∈ S we have S ∩ X (−ε,ε) (x) = {x}. The interior of S is the set S * = int(X (−ε,ε) (S)) ∩ S.
The proof of the next lemma can be found in [KS, Lemma 2.4 ] as well in [BW, Lemma 7] .
Lemma 4.1. Let X t be a continuous flow without fixed points. There is ε > 0 such that for each δ > 0 we can find a pair (S, T ) of finite families S = {S 1 , ..., S n } and T = {T 1 , ..., T n } of local cross-sections of time ε > 0 and diameter at most δ with
By lemma 2.2 we can consider only expansive flows without fixed points. Given a pair of δ-adequated cross sections (S, T ) let
Let ρ > 0 satisfying 5ρ < ε and 2ρ < θ. And for each S i consider D i ρ = X (−ρ,ρ) (S i ) and define the projection
y) < ε 0 and t is a real number with |t| < 3δ and
If x ∈ T i and y ∈ S i with d(x, y) < ε 0 let {y x 0 , ..., y x n } ⊂ O X (y) such that y x 0 = y and y x j = P l ρ (X t (y x j−1 )), where t > 0 is the smallest positive time such that φ j (x) = X t (φ j−1 (x)), and l is such that φ j (x) ∈ T l . We can continue this construction while d(φ j (x), y j ) < ε 0 . Similarly to j < 0. See Figure 3 .
The stable and unstable sets of points is defined in the following way. If x ∈ T i and η < ε 0 , the η-estable set of x is is defined as
and the η-instable set of x is defined as
Theorem 2.7 in [KS] establishes that a flow X t is expansive if, and only if, given a pair (S, T ) δ-adequate, there is an η > 0 such that
Proof Theorem C. Suppose that X t is N -expansive. Let a ∈ (0, ε) be given and a 1 > 0 be the N -expansive constant corresponding to a. Let η ∈ (0, ε 0 ) be such that if p ∈ T i and q ∈ S i , i ∈ {1, ..., k}, with d(p, q) < η, then d(X t (p), X s (q)) < a 1 2 where, if X t 1 (p) = φ(p) and X s 1 (q) = q 1 , then t ∈ [0, t 1 ] and s ∈ [0, s 1 ] and |s − t| ≤ |s 1 − t 1 |. Suppose y = x, y ∈ W s η (x) ∩ W u η (x) and {t j } and {s j } are the increasing bisequences suh that X t j (x) = φ j (x) and X s j (y) = y x j . Define a piecewise linear function h : R → R such that h(t j ) = s j . Now for each t ∈ R, t = t j +u and h(t) = s j + u, where 0 ≤ u ≤ t j+1 −t j , 0 ≤ u ≤ s j+1 − s j and |u − u| ≤ |(t j+1 − t j ) − (s j+1 − s j )| for some j, and by the choice of η, we have
Since every point in W s η (x) ∩ W u η (x) lie in the same S i , if y 1 = y 2 with y 1 , y 2 ∈ W s η (x) ∩ W u η (x) then y 1 / ∈ X (−a,a) (y 2 ). Therefore, by the N -expansivity of X t , W s η (x) ∩ W u η (x) has at most N points.
To prove the reverse implication, suppose that given a pair (T , S) and ρ > 0, there is η > 0 such that #W s η (x) ∩ W u η (x) ≤ N. Let h : R → R be a continuous function with h(0) = 0. Let x ∈ T i and y ∈ S i , for some i, and {t j } and {s j } be such that X t j (x) = φ j (x) and X sn (y) = y x j . Choose δ 0 ∈ (0, ε − δ − ρ) and positive numbers, a 2 < a 1 < η, and a 3 , a 4 > 0 such that if u ∈ T i and v ∈ S i then it holds (1) d(u, v) < a 1 implies d(u, X t (v)) > a 1 for all |t| ∈ [δ 0 , ε]; (b.2.2): Suppose t = h(t j ) − s j ≥ δ 0 . Thus h(t j ) ≥ s j + δ 0 and h(t j−1 ) ≤ s j−1 + δ 0 <
